This paper combines a catch allocation model for narwhals in East Canada and West Greenland with Bayesian population modelling of the eight summer aggregations of narwhals in the region. The catch allocation model allocates the catches in different hunting areas and seasons to the different summer aggregations, and the population models analyse the impact of these catches on the population dynamics of the eight narwhal aggregations.
INTRODUCTION
This paper develops a meta population dynamic model for eight summer aggregations of narwhals in East Canada and West Greenland. It combines a catch allocation model that was developed at the 2014 meeting of the JWG (JWG 2015) with eight population dynamic models, in the aim of assessing the population dynamic implications of hunting.
One of the main challenges in this assessment is the divergence between the population structure of narwhals and the geographical and yearly structure of the hunt. Narwhals return to specific summering grounds and their population structure is best described by the geographical distinctiveness of the different summering grounds; a view that has identified eight populations of narwhal in the Baffin Bay region in East Canada and West Greenland (JWG 2015) .
These populations, however, are hunted not only on the summering grounds, but also on their spring and fall migrations in other areas, as well as on the wintering grounds; and these latter areas are typically shared to some degree by individuals from different summer ground.
This lead to the development of a catch allocation model that uses satellite tracking, expert judgment, and abundance estimates to allocate the catches from 24 seasonal and geographically separated hunts between the eight populations of narwhals (JWG 2015) . I use this model to produce historical catch histories for the eight summer aggregations, and this allows me to construct population dynamic models that assess the implications of the hunt on the eight summer aggregations. The catch allocation and population dynamics models are then integrated to provide a tool that can assess the sustainability of potential future catches in the 24 hunts, as defined by the impacts of the hunts on the eight summer aggregations of narwhals.
CATCH ALLOCATION MODEL
The catch allocation model was developed by JWG (2015), and it allocates catches taken in different hunting regions and seasons to the eight summer aggregations of narwhals in East Canada and West Greenland. The model uses a proportional availability matrix (Table 2 & 1) to describe the availability of the narwhals from the different summer aggregations to the hunts in the different regions and seasons, and it uses a catch matrix (Tables 10 and 11) to describe the annual total removals (catches plus loss) in the different hunts.
To allocate the catches from the different hunts to the different summer aggregations, the model needs an additional matrix that describes the abundance in the different stocks per year. These abundance estimates are needed to estimate the relative availability of the different stocks to the different hunts, so that the catches can be allocated to the summer aggregations.
Allocation matrix
The allocation model was developed in the form of a 24 rows by 8 columns allocation matrix. The eight columns are the individual summer aggregations, and the 24 rows represent hunts divided by 10 regions with some of the hunts divided by season. For each summer aggregation and hunt there is a cell in the matrix, and the matrix is devised so that when multiplied by a vector of removals, the resulting vector will determine the total removals from each summer aggregation. Each cell of the allocation matrix, A, has a value
where, A i,j,t is the proportion of the jth hunt that is assigned to the ith summer aggregation in year t, P i,j is the proportional availability of the ith summer aggregation to the jth hunt, and N i,t is the abundance of the ith summer aggregation in year t. This model assumes that for each summer aggregation there is a proportion between zero and one, P i,j , that is available to hunters during the hunting period on the hunting grounds. Each individual that is available is then at equal risk of being taken in the hunt. The sum of the A i,j,t should be 1 for each row of A t .
To set up the proportional availability matrix (P; Table 2 & 1) the JWG reviewed each cell so that each cell in the matrix was given one of five designations: Defined zero: This designated cells that represented improbable situations such as a summer harvest that was not at a summering ground (e.g. a narwhal harvested in summer in Resolute could not come from the Smith Sound summer aggregation and would be assigned to Somerset Island stock) and to hunts in areas that could not have originated in a particular summering ground based on known movements.
Probable zero: This designated cells in which a summering aggregation was unlikely to be hunted but proximity during the hunting season, or a presumed migration route did not rule out possible catches and designated cells with no tag data.
Partial hunt: This designated cells with tag data showing a portion of the summering aggregation was available or not to hunters.
Probable hunt: This designated cells in which a summering aggregation was likely to be fully available to a hunt, based on its geographical proximity to a summering ground or migration route, but for which there was no quantitative evidence such as tag data.
Defined hunt: This designates cells representing hunts on summering grounds or known wintering areas of stocks.
Each cell in P was then parameterised as a beta(α, β) distribution, where α = x + 1 and β = y − x + 1 would depend on the designation of the hunt. Defined zeros where obtained by x = 0 and y = 9999, defined hunts by x = 9999 and y = 9999, probable zeros by x = 0 and y = n, probable hunts by x = y = n, and for a partial hunt that was parameterised by the seasonal and geographical distribution of y sattelited trackes individuals, x would be the number of the individuals that migrated to the hunting ground. The simulations in this paper, however, set n = 9999 which implies that they do not distinguish between probable and defined designations.
The generation of catch histories
The abundance matrix in the initial run of the model is constructed as linear transitions between the abundance estimates in the abundance estimate matrix of Table 3 . In subsequent runs, the abundance matrix is given by the abundance trajectories that the previous runs of the population dynamic models are estimating for the different summer aggregations of narwhals, given the catch histories that were estimated by the previous run of the allocation model. This iterative running of the two models was then conducted three to five times to ensure convergence of the catch histories and abundance trajectories. In either case, for a given year t, we would have abundance estimates with cv's for all summer aggregations. Distributions of catch histories for the summer aggregations during these iterations were generated by a large number of runs of the allocation model over the entire catch history with yearly random draws of each abundance estimate (lognormal based on point estimate and cv) and a P t matrix drawn from the underlying beta distributions.
POPULATION DYNAMIC MODELS
Separate population models with density regulated growth were constructed for each of the eight summer aggregations of narwhals. All the models were based on an age and sex structured Bayesian modelling framework that have been used in earlier applications for walrus Born 2005, 2013) , large cetaceans (Witting 2013) , beluga (Heide-Jørgensen et al. In press), and narwhal (e.g., Witting and Heide-Jørgensen 2012a,b,c) .
Some of the summering aggregations have only been surveyed once, and a full agestructured model is clearly over parameterized for these cases if the main purpose was parameter estimation by maximum likelihood. Yet, the main purpose here is instead to use a Bayesian framework to integrate prior knowledge on the life history biology of narwhals with survey estimates of abundance for the construction of realistic population dynamic models. Witting (2009) used the case of beluga in West Greenland to analyse for influence of model uncertainty in the construction of realistic population models in Bayesian assessments of density regulated growth. Assessments were made for one age-structured and four structurally different discrete models, with all assessments being based on the same data. All models gave very similar estimates of current abundance and current production levels, making the choice of model basically a matter of taste.
I have chosen an age and sex structured framework that allows the model to be constructed directly from our prior knowledge of the life history of narwhals. This allows also for a later inclusion of sex structured catches, and age-structured catch data, as it has been done in earlier assessments of Greenland narwhals (Witting and Heide-Jørgensen 2012a,b,c). Age-structured data, however, were not included here, as I wanted to keep the population dynamic models relatively simple (and fast to simulate) in this first run of the meta model. Let x = 15 be the maximum lumped age-class of the model. Let the number N m/f a,t+1 of males (m) and females (f ) in age-classes 0 < a < x in year t + 1 be
(2) and the number of animals in age-class x be
where p m/f a is the age specific survival rate of males/females, and c m/f a,t is the age specific catch of males/females in year t. The age and gender (g) dependent survival rates p g a = pp g a are given as a product between a survival scalar p and a relative (0 <p g a ≤ 1) survival rate, with relative survival being one for males and females older than one year of age. The age and gender specific catches c m/f a,t = c m/f tc m/f a in year t is given as a product between the total catch of males/females (c m/f t ), as specified by the catch history, and an age-specific catch selectivity (c m/f a ) that is uniform except that no animals are taken from age-class zero.
The number of females and males in age-class zero is N f 0,t = ϑN 0,t and N m 0,t = (1 − ϑ)N 0,t , where ϑ is the fraction of females at birth, and
where a m is the age of the first reproductive event and B a,t , the number of births from females in age class a, is
where b a,t is the birth rate in year t for age-class a females should they be at their agespecific reproductive peak, 0 <b a ≤ 1 is the relative age-specific birth rate (1 for all mature females), and M f a,t is the number of mature females in age-class a in year t, defined as
for density regulated growth (7) where b * is the birth rate at population dynamic equilibrium (assuming zero catch and equilibrium denoted by * ), b max is the maximal birth rate, γ is the density dependence parameter, and the abundance component that imposes density dependence is the one-plus componentN
Given a stable age-structure and no catch, let, for a traditional model of exponential or density regulated growth, λ be a constant defined byN t+1 = λN t . The sustainable yield is then sy =N (λ − 1), and for the density regulated model there is an optimum ∂sy/∂N = 0; the maximum sustainable yield (msy) atN msy , also known by the maximum sustainable yield rate (msyr = msy/N msy ) and the maximum sustainable yield level (msyl =N msy /N * ).
STATISTICAL METHODS
The assessment model was fitted to data by projecting the population under the influence of the historical catches. A Bayesian statistical method (e.g, Berger 1985; Press 1989) was used, and posterior estimates of model parameters and other management related outputs were calculated. This implied an integration of the product between a prior distribution for each parameter and a likelihood function that links the probability of the data to the different parameterisations of the model. 
Prior distributions
All models had the same priors on the biological parameters (see Table 4 ), and they were all initiated in 1970. All the summer aggregations with only one or two abundance estimates available (Smith, Jones, Eclipse, Baffin) and Admiralty seems to have had a very low exploitation rate in the beginning of the period, so for these I assumed that the population was close to the carrying capacity in 1970. For the remaining aggregations (Inglefield, Melville and Somerset), with a somewhat larger early exploitation, I assumed that the abundance in 1970 was lower than the carrying capacity. The catch histories in a run of the population models were estimated by the allocation model over the complete catch history starting in 1970. These distributions were then used as catch priors in the population models, with specific catch histories being drawn from the prior for each iteration of a population model.
These catch priors were constructed from the distribution of possible total removals that was estimated for 2011 by 200 random draws of the allocation model (Figure 1) , together with two complete catch histories, a minimum catch history (c min , represented by the 1th percentile of this distribution over time) and a maximum catch history (c max , represented by the 99th percentile). These percentiles were estimated from 1000 random draws of the allocation model over the entire catch history. The 2011 distribution was then rescaled to run from zero to one, with a value (x) drawn at random from the distribution for each parameterisation of a population model, with the catch history calculated as c t = c min,t + x(c max,t − c min,t ).
Bayesian integration
The Bayesian integration was obtained by the sampling-importance-resampling routine (Jeffreys 1961; Berger 1985; Rubin 1988) , where n s random parameterisations θ i (1 ≤ i ≤ n 1 ) are sampled from an importance function h(θ). This function is a probability distri- bution function from which a large number, n s , of independent and identically distributed draws of θ can be taken. h(θ) shall generally be as close as possible to the posterior, however, the tails of h(θ) must be no thinner (less dense) than the tails of the posterior (Oh and Berger 1992) . For each drawn parameter set θ i the population was projected from the first year with a harvest estimate to the present. For each draw an importance weight, or ratio, was then calculated
where L(θ i ) is the likelihood given the data, and h(θ i ) and p(θ i ) are the importance and prior functions evaluated at θ i . In the present study the importance function is set to the joint prior, so that the importance weight is given simply by the likelihood. The n s parameter sets were then re-sampled n r times with replacement, with the sampling probability of the ith parameter set being
This generates a random sample of the posterior distribution of size n r . The method of de la Mare (1986) was used to calculate the likelihood L under the assumption that observation errors are log-normally distributed (Buckland 1992 
whereN i,t is the point estimate of the ith set of abundance data in year t, cv i,t is the coefficient of variation of the estimate, N t is the simulated abundance, and β i a bias term with is set to one for absolute abundance estimates.
Probabilities of meeting objectives
In order to assess the sustainability of future catches on the eight populations of narwhals, I used the Bayesian framework to estimate the probabilities that an assumed management objective would be fulfilled for potential future catches from each population. Given future annual catches c in the period 2015 to 2020, I applied the objective
Given the population dynamic model and the data, the probability of meeting the objective ob is straightforwardly calculated from the Bayesian statistical method. For each parameterisation θ i of the random sample of the posterior distribution of size n 2 , we have perfect knowledge of the status of the population so that it can be determined if Eq. (12) is true or false. Hence, the probability p(ob) of meeting the objective is
with the sum given over the complete random sample of the posterior distribution. While the sustainability of the hunt has to be identified at the population level, recommendations on the sustainability of potential future hunts should preferably be addressed in relation to hunting grounds. To achieve this, for a given a set of potential future catches for each hunt, I used the allocation model to calculate the distributions of future catches for the different populations, with these distributions reflecting the uncertainty in the allocation of catches between the populations. Then, by having these distributions, I could for the catches of each percentile of these distributions calculate the probability that the assumed management objective would be fulfilled for the different populations. This allows the set of potential catches for the different hunts to be adjusted until the probabilities of fulfilling management objectives would be above agreed threshold levels for all populations.
RESULTS
The convergence of the catch and abundance trajectories over the different iterations of the allocation and population dynamic models is shown in Figure 2 .
The sampling statistics of the last run of the Bayesian population models are shown in Table 5 . The estimated trajectories of the eight summer aggregations are shown in Figure 3 , and the posterior parameter estimates in Table 6 , with plots of the posterior and realised prior distributions given in Figures 5 to 12 . The final estimates of the catch histories per summer aggregation are shown in Figure 4 . Table 7 list the estimated total allowable takes for the different summer aggregations that will meet the management objective of Eq. (12) with probabilities from 0.5 to 0.95.
But management should define the total allowable takes for the different hunts (region and season), as these cannot generally be allocated directly to the different summer aggregation. Hence, Table 8 define possible total allowable takes for the different hunts, M n S n R Unique Max  smith  500  5  4964  2  jones  500  5  4926  2  ingle  2000  5  3672  11  melvi  500  5  4794  3  somer  500  5  4747  4  admir  500  5  4915  3  eclip  500  5  4907  2  baffi  500  5  4899  3   Table 5 : Sampling statistics for the different models (M ). The number of parameter sets in the sample (n S ) and the resample (n R ), the number of unique parameter sets in the resample, and the maximum number of occurrences of a unique parameter set in the resample. n S and n R are given in thousands.
with Table 9 giving the associated estimates of the probabilities that these takes from 2015 to 2020 will allow the management objective to be fulfilled for the different summer aggregations. These latter probability estimates have 90% confidence limits that reflect the uncertainty of the summer aggregation origin of the animals taken in the different hunts. The C0 option in Table 8 is the average take over the five-year period from 2009 to 2013. Figure 12 : East Baffin Island Realised prior (curve) and posterior (bars) distributions. 
